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The Liapunov function approach is developed for stochastic dynamical 
processes; the general results are applied to the Ito equation. 
1. Let (52, s, P) a probability field. Denote by R” the real-n-dimensional 
euclidean space, R+ = CO, 00)~ X the set of random n-vectors, z& C X. 
DEFINITION 1. A stochastic dynamical process with respect to & is a 
set of &Y maps x: I(x) -+ X, where I(x) are intervals [t,, , cc) (depends on x) 
such that: 
(a) for each to E R+, x0 E .& there exists a x E 3 such that I(x) = [to , oz) 
and x(&J (w) = ~(t, , w) = x0(w) a.e.; we shall denote this x by x(t, t, , x0 , 0~). 
(b) If xi E 3?+, xa E %, 1(x1) =1(x1) = [t, , co) and x1($, w) = x,(t,, , w) 
a.e. then zr(t, U) = xa(t, W) a.e. for t > t, . 
(c) For each x E 5? there exists S, C $2, P(S,) = 1 such that, for w E S, 
the function x(., W) is continuous. 
In the following definitions we shall suppose that 0 E & and x(t, to , 0, W) = 0 
a.e. for all t 3 t, , t, E R+; this element of the stochastic dynamical process 
will be called 0. 
DEFINITION 2. (a) 0 is stable in probability (for the stochastic dynamical 
process with respect to zJ), if for each E > 0, 7 > 0, to E Rf there exists 
S(E, 7, to) > 0 such that x0 E JZZ and P{w, 1 x0(w) 1 > S} < S imply 
P(w, I x(4 t, , x0 , cu) 1 > 7) < E for all t > t, . 
(b) 0 is uniformly stable in probability (for the stochastic dynamical 
process with respect to ,al) if it is stable in probability and S does not depend 
on to . 
(c) 0 is strongly stable in probability (for the stochastic dynamical process 
with respect to &rB) if for to E Ii+, t > 0,~ > 0 there exists S(E, 7, to) > 0 such 
that x0 EZZ’ and P{w, 1 Q(W) [ > S> < S imply 
eJJ, SUP I x(t, to, x0, w) I > 71 < E* 
e to 
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(d) 0 is strongly uniformly stable in probability (for the stachastic dyna- 
mical process with respect to G’) if it is strongly stable in probability and 6 
does not depend on to . 
(e) 0 is strongly asymptotically stable in probability (for the stochastic 
dynamical process with respect to &) if it is strongly stable in probability, 
and P(q lim,,, ) x(t, t, , x,, , W) I = 0} = 1 for all t, E R+ and x0 E &‘, 
Iff satisfies the conditions of the Remark 1.6 in [l], then the a.e. solutions 
of the system (dx/dt) =j(t, x, w) define a stochastic dynamical process with 
respect to every & C X. 
2. In the following d will be the set S(H) = {x, x E X, [ x(w) 1 < H a.e.) 
and x(t, to , x,, , W) the stochastic dynamical process with respect to S(H). 
Let U(P) be a continuous and increasing function defined for r > 0, 
(Z(O) = 0, and V : R+ x Rn -+ R+ a continuous function with V(t, 0) = 0. 
Denote by F&,,(V), 9:,,,,(V) C Z, the smallest u-algebra with respect 
to which the function (V(u, x(u, t, , x0 , w)), to < u < t} are measurable, 
and by Ex, E[x ( 91, 9 C 3Y the mean of x, and the conditional mean, 
respectively. 
THEOREM 1. If 
(1) a(1 x 1) < V(t, x), t E R+, x E R”. 
(2) EW, .+, to , xo , w)) < EV(t, , x0(w)) for to E R+, t > to and 
x0 E S(H), 
then 0 is stable in probability. 
The proof of this theorem does not differ of the proof of Theorem 1 from 
PI. 
In the following, we suppose that there exists p > 0, So > 0, co > 0 such that 
t ,$!~o+E E I i(t, to, x0, w) (p(1f80) < GO for all to E R+, x0 E S(H). (*) 
01 0 
THEOREM 2. If 
(1) a(/ x I) < V(t, x) < K 1 x Ip, t E Rf, x E R”, where p is the number 
from the relation (*), 
(2) EL-& x(4 to ,x0 ,4) I ~~,,20V)1 d W, x(t, to, x0 ,w)>, a.e. joy 
s > t > to , to E R+, x0 E S(H), then 0 is strongly uniformly stable in prob- 
ability. 
PROOF. Let to E R+, x,, E S(H). From condition (2) it follows that 
w/‘(s, 6 to , x0 * u>> G wt, x(t, to, x0, w)) for s > t > to. 
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We shall prove that EV(r, x(t, t, , x, , w)) is a function continous in t, . 
Indeed, let t,, -+ t, , t,, E (to, t,, + q,] where q, is the number from the rela- 
tion (*). 
We have 
E(V(t, , A@,., , to , x0 , w)))~+~” < K1+“OE 1 x(t, t, , x0 , w) lp(l+so) 
< K’+6” sup E j x(t, t, , x,, , co) jD(1+60) 
t,< t< t,+ (0 
< 00, 
where 6, is the number from the relation (*). 
Since 
g+% v(h , x(b , to , x0 , w)) = V(to , x0(w)), a.e. 
we have [3] 
Hence, EV(l(t, x(t, t, , x,, , w)) is a function continuous in to . Thus, we obtain 
EV(t, x(t, to, x0 , w)) < EV(t, , q,(w)) < KE 1 x0(w) (p, for all t > to . 
Let E > 0, 0 < TJ < E and 0 < 8 < 7 be such that 
KH% + KG’ < 5 
471) 3 * 
Let x0 E S(H) be such that P{u, 1 x0(w) I > 8) < 6. 
We have 
EV(‘(to , x0(w)) < KE I x0(w) IP < K(H% + 69) < f u(v). 
Let 
z(t, w) = qt, x(4 43 , x0 , w)), 
c = b, sup I $3 to 9 x0, w) I > 17) 
t> to 
= b, sup a(1 x(4 to 3 x0, w) I) > a(77)), t> to 
From condition (2) it follows that z(t, w) is a supermartingale [4], and z(t, W) 
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is separable since x(t, t, , x,, , W) is a function continuous with respect to t. 
From the inequality of separable supermartingales [4], we deduce that 
+l)P(ST) G SUP 
to< t<T 
E.z(t, w) + E I x(T, w) 1 < 2EV(t, 9 G(QJ)) < 8 ~a($, 
where 
Let tn be such that to < t, < t,+I , limn+ tn = CO; then Sin is increasing 
and 
gi P(&“) = P(S); s = (j St*. 
n-1 
Wt,) < 8 E, 
we deduce that 
But 
P(C) < P(D) < P(S) < 8 E < e. 
pb% SUP 1+, to,% > w> I > 4 < 26 
t> to 
and thus, the theorem is proved. 
THEOREM 3. If 
(1) a(1 x I) < qt> x) < K I * IP, where p is the number from the relation (*), 
where limr+ u(r) = 03, the function OL and /3 are continuous and positive 
J-” CL(U) du = CD, p(x) > 0, f or x f 0, then 0 is strongly asymptotically stable 
in probability. 
STABILITY OF DIFFERENTIAL SYSTEMS 673 
PROOF. From Theorem (2) it follows that 0 is strongly uniformly stable 
in probability. 
Let x(t, w) = V(t, ~(t, t, , x0, 0~)). 
From condition (2) it follows that z(t, w) is a separable supermartingale, 
for t > t, . 
Hence [4], there exists a measurable function z(w), &z(w) < co such that 
P{w, hi z(t, w) = .+J)} = 1. 
From the inequality (2) we obtain 
< Ez(to , w) < co for all s > u. > to . 
Hence 
I 
a a(u) Efl(x(u, to ) x0 ) w)) du < al. 
%I 
There exists s,, + 00 such that limn+m @(x(s, , to , x0, w)) = 0. We have 
limn+9 PC+ ,, , to , x0 , w) = 0 where limp denotes the limit in probability. 
Hence, there exists A C Q, P(A) = 1, and sni -+ co such that 
Let B = {w, lim,.+, z(sni , W) = z(w)}. We have P(B) = 1. 
We shall prove that z(w) = 0 for w E A n B. 
Indeed, suppose that there exists w E A n B such that Z(W) > 0. 
Since 
we have 
and thus we get a contradiction since p(x) > 0 for x f: 0 and 
y-2 B(X(~n, 9 to ,x0 ,a)) = 0. 
Hence z(w) = 0 a.e. 
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From the inequality / x(t, t, , x,, , w) / < a-l(x(t, w)), we deduce that 
P{w, ) ~(t, t, , x0, w) 1 = 0} = 1 and thus the theorem is proved. 
THEOREM 4. Let V : Rn + R+ be continuous and V(0) = 0. If 
(1) V(x) < K j x lp, x E R*, where p is the number from the relation (*) 
(2) V(x) satisfies condition (2) from Theorem 3, where s” a(u) du = 03, 
LX(U) > 0 and /I is a function continuous and ,8(x) > 0 then 
v-x V(x(t, to, x0, w)) E V(A,) U A,, a.e. 
where 
A, = ix, S(x) = 01 
A, = (r, I E Rf, 
there exists xi E R”, j xi I+ co, V(xJ -+ r, p(xi) + 01. 
PROOF. From the proof of Theorem 2 it follows that 
li+.i V(x(t, t, , x0, w)) = z(w) a.e. 
Consider the set A, B and the sequence sn, from the proof of Theorem 2. 
LetweAnB. 
If &+ 9 0 I 0 9 t x w) is a bounded sequence, then there exists a subsequence 
of the sequence x(s”( , s , t xa , w) which converge to a measurable function 
~64~4z have P(Y(w)) = 0 ad V(Y+J>> = 4~). 
z(w) E V(A,). 
If the sequence .t& , to, xa , w) is unbounded then z(w) E A,, and thus 
the theorem is proved. 
3. Consider now the Ito equation 
dx(t) =f(t, 4)) dt + W, x(t)) drl(t, w>, 
where y(t, w) is the n-dimensional vector process of the Brownian motion. 
Suppose f(t, 0) z 0, B(t, 0) = 0, and the conditions for the existence and 
uniqueness of solutions be satisfied [5]. Let x(t, t, , x0 , w) the solution defined 
by initial conditions to E R+, x0 E Rn. 
We have 
sup E I x(t, to, xo , w) I4 -=c 03, T > 0. 
t#fG t==z to+T 
Hence the relation (*) is satisfied for p = 2, 6, = 1, co = T. 
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The solutions of the Ito equation defined a stochastic dynamical process 
with respect to R”. 
THEOREM 5. Let V : R+ x Rn ---f Rf be of class C2, V(t, 0) = 0. Suppose 
(1) atI x I) d W, 4 < K I x I2 
(2) $ + ($ ,f (cd) + + & & L (t,x) ben (t, 4 
< - 4t) B(x> 
for all t > 0, x E R”, where a, OL, /3 have the same properties as in Theorem 3, 
and bi, are the element of B. Then 0 is strongly asymptotically stable (for 
the solutions Ito’s equation). 
PROOF. By the Ito formula [S], we have 
V(‘(s, x(s, 43 , x0, w)) - V(4 4, to 3 x0 , w>) = j-1 g tu, x(u, to, xo , w)) du 
+ j”, ( av(u’ “‘“;; ’ X0 ’ w)) , f (u, x(u, to , x0, w)) du 
a2qu, 4% to , x0 9 w>) 
axi ad 
x L, (u, x(u, to , xo , w)) b,, tu, x(u, to > xo 9 ~1) du 
+ ,“, ( av(u9 *‘“;2 ’ X0 ’ w)’ , B(u, x(u, to , x0, w)) d+, w)) . 
From, 
E [j; ( av(u’ ‘$2 ’ xo ’ w)) , B(u, x(11, to, x0, w)) d+, w)) 
I .+A to 7 x0 > w), to < v < t I 
= E 1 E [,“, ( av(u’ +;7; ’ X0 ’ w)) , B(u, x(u, to , x0 , w)) dT(u, w)) 1 gt] 
I xb.4 to , x0 9 w), to < w < t = 0 t 
(where gt is the smallest o-algebra with respect to which the functions 
(~(u, CO) - r)(t, , w), to < u < t} are measurable), we get 
E[V(s, x(s, to, x,, , w)) I x(w, to, xo , ~1, to < v < tl < V, x(4 to 3 xo > ~1) 
J‘ ’ - E[+) SW, to , xo , w)) I xtw, to , xo 3 ~1, to < 0 < tl du, t 
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and by considering the conditional mean with respect to Fi,.t,( V) 
wT~~ x(s7 to 7 *o T a)> I ~““t,.zJ VI 
Theorem 3 can be applied and 0 is strongly asymptotically stable. 
Condition 2 in the theorem is satisfied in the following example: 
(x,f(C 4) = -lx? alxl 0 + 1) (1 + I x I”> ’ I Bk *) I G d(t + 1) (1 +TR ’ 
o<ol < x4, qt; x) Et5 V(x) = I x 12. 
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